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On linear equations arising in Combinatorics 

(Part II) 

Masood Aryapoor* 


Abstract 

In [T], the author introduces the class of Farkas-related vectors for 
which a version of Farkas’ lemma over integers is derived. In this paper, 
being the second part of [I] , two similar classes are introduced and studied. 
The terminology and results of [I] are freely used in this article. 


1 Almost Farkas-related vectors 

We begin with the following definition, compare with the definition of Farkas- 
related vectors in [1]. 

Definition 1.1. Vectors S Z" are called almost Farkas-related or 

a.f.r for short, if the following condition holds: Let ai < < bm be 

arbitrary integers. If a vector w € J2ai=bi + Soi/bi written as 

w = rational numbers ai < xi < 6i,..., Om < Xm < bm, then there 

exist integers oi < t/i < 6i,..., Um If Vm Fbm such that w = 

1.1 Characterizations of almost Farkas-related vectors 

We want to obtain simple and useful characterizations of almost Farkas-related 
vectors. First we present the following characterization. 

Lemma 1.1. Let vi, ...,Vm G be arbitrary vectors. Then the following con¬ 
ditions are equivalent. 

(1) The vectors vi,...,Vm G are a.f.r. 

(2) Let I C {l,...,m} be an arbitrary nonempty set. For arbitrary integers 

Oi < bi (i € I), if a vector w G written as w = XiVi for 

rational numbers at < Xi < bi (i € I), then there exist integers at < yi < bi 
(i € I) such that w = 

(3) Let I C {1, ...,to} be an arbitrary nonempty set. If a vector w G 

can be written as w = J^i^i rational numbers 0 < < 1 (i € I), then 

there exist numbers yi G {0,1} (i & I) such that w = J2i&i 
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(4) Let I C he an arbitrary nonempty set and k be a natural num¬ 
ber. If a vector w G Sie/ cott. he written as kw = O'iVi for integers 

0 ^ Oi < k (i G I), then there exist numbers pi G {0,1} (i G I) such that 

Proof. It is straightforward to check that (l)<t4>(2) and (3)<t4>(4) . Clearly we 
have (2)=>(3). Therefore it remains to prove (3)=^>(2). 

Suppose that (3) holds. Let I C {1, ...,m} be a nonempty set and at < bi 
{i G I) be integers. Suppose that a vector w G be written as w = 

XiVi for rational numbers Oi < Xi < bi {i G I). Set J = {i G I\xi bi}. 
We have 

w - ^ {bi - l)vi - '^[xi]vi = '^{xi - [xi\)vi + ^ Vi g'^ Zvi. 

So, by (3), there exist numbers yi G {0,1} such that 

w - ^ (bi - l)ui - 'Y^[xi]vi = ^ piVi. 

This equality can be rewritten asw = I]ig 7 _j^j(&i-l + 2/z)^i + Siej([2^i]+2/i)^i- 
Note that the coefficients are integers. Since Oi < bi, we have Oi < bi-l-Gpi < bi 
for i ^ J. Moreover, for i G J, we have Ui < [xi] < — 1 which implies that 

Oi < [xi] -Gpi <bi ioY i G J as well. The proof of (3)=>(2) is therefore complete. 

□ 

A useful criterion is given below, consult [1] to see the definition of ’’elemen¬ 
tary integral relations”. 

Proposition 1.2. Vectors vi, ...,Vm G Z" are a.f.r if and only if for every ele¬ 
mentary integral relation have |ai|,..., \am\ < 2 and moreover 

there exists at most one I < i < m such that \ai\ =2. 

Proof. First, the ’’only if direction” is proved. Suppose that vi,...,Vm are a.f.r 
and let O'iVi = 0 be an elementary integral relation. Without loss of 

generality, we may assume that {i\ai 0} = {!,...,r}. By symmetry, it is 
enough to show that |ai| G {1, 2} and if |ai| = 2 then 02 ,..., Or G { — 1,1}. Since 
0 = ui -I- ^V 2 -I- • • • -I- ^Vr, using the fact that wi, ...,Vm are a.f.r, we see that 
there exist integers 



such that 0 = yiVi + • • • -I- PrVr. It is easy to see that the set of vectors 
(xi,..., Xr) G 'ZL satisfying ^21=1 — 0; i® equal to Z(ai,..., Or). It follows that 

(yi,...,yr) = l(ai,..., Or) for an integer 1. Since yi = 1 or j /2 = 2, we conclude 
that |ai| G {1,2}. Now suppose that oi = 2. Then {yi,...,yr) = (ai, ...,ar), 
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i.e. [^] < yi = tti < [^] + 1 for i = 2, But in this case, there also exist 
integers 



such that 0 = ZiVi + • • • + ZrVr- We have (zi,Zr) G Z(2, 02 ,a^) and zi = 0 
or zi = 1. It follows that zi = 0 and consequently Z 2 = ■ ■ ■ = Zr = 0 which 
implies that [^] e {—1,0} where i = 2,r. This means that G {—2, —1,1} 
where i = 2,...,r. But, since [^] < < [^] + 1 for every i = 2,...,r, it is 

easy to see that we must have G { — 1,1} for every i = 2, If oi = —2, 

then one nses (—ai)?;i H-h (—ar)vr = 0 to show that —G {—1,1} for every 

i = 2,..., r which is obviously the same as Ui G { — 1,1} for every * = 2,..., r. 

Now we prove the ”if direction”. First note that withont loss of generality 
we may assume that none of the vectors vi,...,Vm are zero. We nse indnction 
on m to prove that the vectors vi,...,Vm satisfy Part (4) of Lemma ITT] So let 
I C {I, m} be a nonempty set and snppose that a vector w G 
be written as kw = for integers 0 < Ui < k (i G I), where k is an 

arbitrary natural number. We need to show that the vector w can be written 
as w = where j/i G {0,1} (i G I). First let m = 1. Then we must 

have I = {1} and since w = avi for an integer a, we have aiVi = kw = kavi or 
(oi — ka)vi =0. If re = 0, then w = 0.?;i and we are done. Otherwise, we must 
have a = 1 because 0 < oi < fc and oi — fca = 0. So w = vi and we are done 
with the case m = 1. 

Next, we prove the inductive step. If / ^ {1, ...,m}, then we are done, be¬ 
cause the vectors Vi (i G I) obviously satisfy the relevant condition on their 
elementary integral relations and therefore are almost Farkas-related by in¬ 
duction. So we may assume that I = {I,...,m}. I claim that there exists 
J C {I,...,m} such that the vectors Vi{i G J) form a basis for over 

Z. To prove this, take a set J C {I,...,m} such that Vi{i G J) are linearly 
independent and there does not exist a subset J' C {I, m} with the property 
that the vectors Vi{i G J') are linearly independent and 

If Vj ^ index 1 < j < m, then the vectors Vj,Vi(i G J) are 

linearly dependent since otherwise would contradict 

the choice of J. It follows that there exists an elementary integral relation be¬ 
tween Vj,Vi{i G J). This relation has to be of the form 2vj + ^ 

where at G {—1,0,1} for every i G I. Choose i G J such that ^ 0 and set 
J' = {}} U (J \ {z}). Then the vectors Vi{vi G J') are linearly independent and 
moreover ^ contradiction. It follows that the vectors 

Vi{i G J) generate XXi claim is proved. Without loss of generality, 

we may assume that J = {til, ...,Vr}. 

If r = TO, then the identity w = ^ XXi imply 

that ^ S Z. But 0 < ai,...,am < k, so we must have Ui G {0, fc}, and 

consequently w — XXi desired presentation. In what follows, we 

may therefore assume that r < m. 

First suppose that there does not exist 1 < z < r such that Vi G 
For every r < j < to, we have Vj G Xi=i i-®- XXi = 0 some 
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bi, ...,br G Zvj. It is easy to see that this relation is in fact an elementary integral 
relation. So there is at most one bi with \bi\ > 1. If there is some bi with \bi \ = I 
then we clearly have Vi S '^Vj. It follows that exactly one bi is not zero 

and it must be equal to ±2, since otherwise Vi € It follows from 

this discussion that the set {I, can be partitioned into r disjoint subsets 

Ii,Ir such that for every i = I,r, we have i & li and Vj = ±2tii for every 
j S Ii- In this case, if w = diVi + • • • + drVr, then k(diVi) = ^i^j. aivi- Now, 
if r > 1 , then we can use induction, to find suitable presentations for each diVi 
and by adding them together, one can find an acceptable representation for w. 
So we may assume that r = 1. To proceed, we set /± = {2 < i < m\vi = zL2vi}. 
We can write kw = (oi + 2 X]ie/+ “ 2E^e/_ a i)vi. On the other hand we 
have w = dvi where d € Z. So fed = oi + 2 ~ 2Eie/_ Since 

—211 — \k ^ n 1 “h 2 ^ - 2 ^ a, < fc + 2|/+|fc, 

iel+ i&I- 

we conclude that —2|/_| < d < I + 2|/+|. Using this inequality, one can see 
that there are integers 0 < /i < |d +|,0 < I 2 < |.f-| and I 3 G { 0 , 1 } such that 
d = I 3 + 2^1 — 2 / 2 . By taking arbitrary sets Li C 1 + and L 2 C I 2 satisfying 
\Li\ = h and IL 2 I = h, we obtain w = I 3 V 1 + XigLiUL 2 which is the desired 
presentation and we are done. So we may assume that there exists 1 < i < r 
such that Vi G Without loss of generality we may assume that 

It is easy to see that for every vector u G there is a unique 

vector p{u) G Xl =2 such that u — p(u) G T,v\. Moreover the map p : 
XX 1 XX 2 ^“linear map whose kernel is Zvi. I claim that 

the vectors p(v 2 ), ...,p{vm), satisfy the condition in the proposition. In fact, if 
XX 2 = 0 is an elementary integral relation, then we have XX 2 “ 

—bivi for an integer bi. It is easy to see that the relation XXi = 0 is 
an elementary integral relation. So satisfy the relevant condition 

which implies that & 2 , satisfy the condition as well. This proves the claim. 

In particular, by induction, we conclude that the vectors p{v 2 ), ■■■■,p(vm) are 
a.f.r. Since w G XX 1 we have p(w) G XX 2 ^I^(^*)' Moreover, we have 
kp(w) = XX 2 ®*P(^i)- follows that there exist numbers t/ 2 ,---, 2 /m G {0,1} 
such that p(w) = XX 2 d*P(^i)- Since the kernel of p is Zvi, we conclude that 
w = avi + XX 2 integer a. If ai — ak = 0, then we must have 

oi = a = 0 or oi = fc, a = I because 0 < oi < fc. In both cases, we obtain an 
acceptable presentation for w, and we are done. So suppose that ai — ak ^ 0. 
At this stage, we consider two cases. 

Case 1: a < 0. Then 

m m 

(oi — ak)w = (oi — ak — k){avi + ViVi) + aiVi = 

i =2 i=l 
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m 

= (a + l)(ai — ak)vi + ^((ai — ak — k)yi + ai)vi. 

i=2 

So we have (ai — ak){w —{a+ l)vi) = ~(^k — k)yi + ai)vi. Note that we 

have ai — afc > 0. It is easy to see that 0 < (oi —ak — k)yi + ai < ai — ak for each 
i = 2, m. Since w — {a + l)vi S X]i =2 induction there exist numbers 

2/2>--->2/m ^ {0,1}, such that w = (a +l)wi+ 1 / 2^2 H-l-2/m'^m- Continuing this 

process, since a is negative, will produce a presentation w = X]i ^2 where 
Z2, Zm G {0,1}, and hence we are done. 

Case 2: a > 0. In this case if a < 1, then we are done. Otherwise, the 
proof is similar to the previous case. One just uses the following identity, 

m 

{ak — ai){w — (a — l)vi) = '^^((ak — ai — k)yi + ai)vi. 

i=2 


□ 


1.2 Farkas’ Lemma for almost Farkas—related vectors 

Using the definition of a.f.r vectors, one can derive the following theorem, consult 

[I]- 

Theorem 1.3. Suppose that vectors wi, ...,Um G are almost Farkas-related 
and let arbitrary integers ai < 61 , ...Tam < bm be given. Then a vector w € IF 
can be written as w = Y^^iXiVi where ai < xi < hi,...,am < Xm < bm are 
integers if and only if w — 'Yliai=bi ^ 'Yhai^bi 


m 

{u,w) < 

2=1 


{u,Vi) - |(u,ud| 

2 


^ {u,Vi) + |(u,Ui)| 

+ 2^b, --- 


for every {ui, ...,Vm} -indecomposable point [u] G MP" ^ 


1.3 Almost Farkas Graphs 

We follow the notations in Section 4.1 of [1]. 

Definition 1.2. A connected (simple) graph G is called almost Farkas if the 
vectors {v{e)}f,^E{G) are almost Farkas-related. 

Here is a characterization of almost Farkas graphs. 

Theorem 1.4. A connected graph G is almost Farkas if and only if every two 
disjoint simple odd cycles of G cover the whole graph, i.e every vertex of G 
belongs to one of the cycles. 
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Proof. First suppose that G is almost Farkas. Assume on the contrary that 
there exist two disjoint simple odd cycles of G that do not cover the whole 
graph. It follows that there exist a simple path of length > 1 which connects 
the two cycles. This gives rise to an elementary integral relation having at least 
two coefficients equal to 2 or —2 (see Proposition 4.2 in m), a contradiction by 
Proposition 11.21 

To prove the other direction, we use Proposition 11.21 An elementary inte¬ 
gral relation of G that violates the condition in Proposition 11.21 correspond to 
two disjoint odd cycles of G that are connected by a path of length > 1, see 
Proposition 4.2 in [T]. This is however not possible since otherwise such two 
odd cycles would not cover the whole graph. 

□ 

The graph, drawn below, is an almost Farkas graph. But this graph is not 
a Farkas graph, see [1]. 



2 Weakly Farkas—related vectors 

The definition of weakly Farkas-related vectors is given below. 

Definition 2.1. Vectors vi,...,Vm € Z" are said to be weakly Farkas-related, 
or w.f.r for short, if the following condition holds: For arbitrary integers ai < 
bi ,..., Urn < bm, if a vector w € written as w = 

rational numbers ai < xi < bi,...,am < Xm < bm, then there exist integers 
ai <yi < bi ,..., am<ym< bm such that w = YlT=i 

2.1 A characterization of weakly Farkas-related vectors 

We begin with the following lemma. 

Lemma 2.1. Let vi, G Z" be arbitrary vectors. Then the following con¬ 

ditions are equivalent. 

(1) The vectors vi,...,Vm G are w.f.r. 

(2) For arbitrary integers oi < bi,...,am < bm, if there exist rational numbers 

ai < xi < bi,...,am < Xm < bm such that — Oj then there exist 

integers ai < yi < bi, ...,am < Vm < bm such that yiVi = 0 . 

(3) For arbitrary integers oi, ...,am, if there exist rational numbers ai < xi < 

oi -I- 1,..., ttm < Xm < cim + 1 such that = 0) then there exist integers 

ai < yi < ai 1,..., < ym < Om + 1 such that YT=i Vi'^i = 0- 
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Proof. It is obvious that (1)=>(2) and (2)=>(3). To prove (2)=>(1), suppose that 
integers ai < bi,...,am < bm are given and a vector w € can be 

written as w = rational numbers oi < a:i < bi,Om < Xm < bm- 

Since w G there exist G Z such that w = We 

have ~ = 0, where 


Ul Cl ^ Xi Cl "G bi Cl, ..., Utti Cm Xm Cm ^ bm Cm- 


Therefore there exist integers 


Ul Cl ^ yi ^ bi Ci,...,U772 Cm Um "Pi bm Cm 

such that Y1T=i Vi'^i ~ 0- The presentation w = J2^iiyi + Ci)vi is the desired 
presentation because 

Ol < 2/1 + Cl < bi, ..., am<ym + Cm< bm- 

To prove (3)=>(2), suppose that integers Ui < 6i,..., am < bm are given and 
Y^TLiXiVi = 0 for rational numbers ai < xi < bi,.--,a,m < Xm < bm- Setting 
Ci = [xi] if Xi ^ bi and Ci = [xi] — 1 if Xi = 6^, we have 

Cl ^ Xi ^ Cl T 1, Cm ^ Xm ^ Cm “t“ !■ 

Therefore there exist integers 

Cl < 2/1 < Cl + 1, Cm<ym<Cm + 1, 

such that X^fci ?/*Ci = 0. We clearly have ai < yi < 6i ,Um ym < bm and 
we are done. 

□ 

A relatively simple characterization of w.f.r vectors is given in the following 
proposition. 

Proposition 2.2. Letvi, .--,Vm S Z" be arbitrary vectors. The vectors Vi, .--,Vm 
are w.f.r if and only if the following condition holds: Suppose that integers 
oi,..., am G { — 1, 0, 1} are given such that there exists only one index \ < s < m 
with Os = 1. If there exist rational numbers 

ai ^ Xi Si Cl “t“ 1, ..., Om ^ Xm Si Clm “t“ 1 

such that X^i^i ~ 0; then there exist integers 

ai <yi < ai + 1 ,..., < 2/m < Cm + 1 

such that X^fci //j'Ci = 0- 

Proof. Using Lemma 12.11 one only needs to prove that the desired property 
is equivalent to Property (3) in Lemma 12.11 Clearly if Property (3) holds in 
Lemma O then the property in the proposition holds as well. 
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To prove the converse, suppose that integers oi, are given and there 

exist rational numbers ai < xi < oi + < Xm < Um + 1 such that 

1 XiVi = 0. We need to prove that there exist integers 

Cll ^ yi ^ 1, dm ^ Urn ^ dm “b 1 

such that = 0. We prove this by induction on + 1|- If 

1 \2di + 1| < m, then ai ,dm G {“!) 0} in which case the numbers yi = 
... = yn = 0 are the desired numbers. 

Now we prove the inductive step. We consider three cases. 

Case 1: There exists 1 < r < m such that \xr\ = maxi=i^,,,^m\xi\ and dr > 0. 
Without loss of generality we may assume r = 1. We define a'^,..., as follows 

r 1 i = i 

aj = < 0 di >0 and i > 1 

1^—1 di < 0 

It is easy to see that o' < < o' +1 for every i = 1,..., m. Since §7^* = 0 

and the numbers o^,..., satisfy the condition in the proposition, we conclude 
that there exist integers 

o'l <y'i< o'l + 1,..., oL < J/m < + 1 

such that y'i^i — 0- Consider the numbers di—y '^,..., dm — y'm- I claim that 
Ya=i |2(ai-2/') + l| < YT=i |2ai + l|. In fact we have |2(ai-yi) + l| < |2ai + I| 
because y'l G {I, 2} and oi > 0. So it is enough to show |2(ai —y') + l| < |2ai + I| 
for every i = 2,..., m. If di > 0, then y- € {0,1} and therefore |2(ai — y') + I| < 
|2ai + 1| (note that |2(0 — I) + 1| = |2(0) + I|). Similarly if a* < 0, then 
y' G {—1,0} which implies that |2(ai — y[) + 1| < |2ai + 1|. Now, we have 
= 0 where 

ai-y'i<Xi-y[< (oi - y[) + 1, ..., dm - y'm < ^m - y'm < “ y'm) + 1- 

Therefore, by induction, there exist integers 

ai-y'i< y'l < (oi - y}) + 1,..., o^ - j/} < j/" < {dm - y'l) + 1, 
such that YIh=i y'i'^i = 0- Finally, we have J2iLi{y'i + y'D'^i =0 where 
ai<y'i+ yl < Ol + 1, ..., dm < y'm + Vm < 0.m + 1, 
and we are done. 

Case 2: For all 1 < i < m satisfying \xr\ = 'rnaxj=i,,,,^m\xj\ we have di < 0, 
and there exists 1 < r < m such that \xr\ = 'rnaxj=i^,,,^m\xj\ and dr = 0. In 
this case, we have \xr\ < 1 which implies that \xi\ < 1 for every i = l,...,m. 
Since di < Xi < Oi+i for every i = l,...,m, we must have — 1 < Oi < 1 for 
every i = l,...,m. If there exists an index 1 < s < m such that 0 ^ = 1, 
then we have Xg = 1, since jccsl < 1 and o^ = 1 < Xg < Og + 1 = 2. But 
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then |xs| = rnaxj^i^,,,^rn\xj\ and Cs > 0, a contradiction. Therefore we have 
Qi G {—1,0} for every * = 1,m. It means that the numbers ai ,am satisfy 
the condition in the proposition and we are therefore done. 

Case 3: For all 1 < z < to satisfying |a;i| = we have Qi < 0. Set 

bi = —ai — 1,..., bm = —cim — 1- We have 

bl ^ Xi ^ T 1; ...; bm ^ Xm — bm “t“ !■ 

Moreover for all 1 < z < to satisfying \ — Xi\ = maxi=i^,,,^m\ — Xi\, we have 
bi > 0. Since + 1| = + 1| in view of the identity \2a + 1| = 

|2(—a — 1) + 1|, we may use Case 1 or Case 2 to obtain integers 

bl ^ yi ^ ~t“ 1,..., bm ^ Um — bm T 1; 

such that = 0- The numbers —yi ,..., —z/m satisfy the desired condi¬ 

tion, i.e. 

ai ^ yi ^ Qi “t" 1, ..., Qm ^ 2/m ^ “t“ 1 

and = 0. Therefore the proof is complete. 

□ 

Compared with Proposition 12.11 it is substantially easier to use Proposition 
EJ in order to check if given vectors are w.f.r. It could however be possible 
to obtain a simpler characterization that is similar to the characterization of 
weakly Farkas-related vectors given in Proposition [TT^l 

2.2 Farkas’ Lemma for weakly Farkas-related vectors 

Using the definition of w.f.r vectors, one can derive the following theorem. 

Theorem 2.3. Suppose that vectors vi,.--,Vm G are weakly Farkas-related 
and let arbitrary integers ai <bi, ...,am < bm be given. Then a vector w € IF 
can be written as w = Y^^iXiVi where ai < Xi < bi,...,am < Xm < bm are 
integers if and only if w G Yl'iLi and 

t ^ {u,Vi) -\{u,Vi)\ ^ {u, Vi) + \{u,Vi)\ 

{u,w) < 2_^ai - - --I- 2_^b, - - -, 

for every {zzi, ...,Vm}-indecomposable point [zz] G 

2.3 Weakly Farkas Graphs 

We follow the notations in Section 4.1 of [T]. 

Definition 2.2. A connected simple graph G is called weakly Farkas if the 
vectors {zz(e)}eg_E(G) are weakly Farkas-related. 

A graph is said to satisfy the odd-cycle condition if for every two vertex- 
disjoint simple odd cycles of the graph there exist two vertexes, one from each 
cycle, that are connected by an edge, also see [2]. 
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Theorem 2.4. A connected simple graph is weakly Farkas if and only if it 
satisfies the odd-cycle condition. 

Proof. To see a proof of the ”if direction”, see [2]. To prove the ’’only if di¬ 
rection” , suppose that a graph G does not satisfy the odd-cycle condition. We 
need to show that G is not weakly Farkas. There exist two (simple) odd cycles 
uiU2...Um and viV2...Vn whose distance is greater than 1. Since G is connected, 
there is a path, say uiWi...WpVi, connecting these two cycles. We may assume 
that {wi, ...,Wp} n {ui, ...,Um,vi, ■■■,Vn} = 0- Among such cycles and paths 
joining them, we choose two cycles and a path joining them such that m-\-n-\-p 
is as small as possible. The following properties hold: 

(1) There are no edges between the vertexes ui,uii, ...,Wp,vi except the edges 
of the path uiWi...WpVi. In fact if there were such an edge then we would get a 
smaller path joining the two cycles, a contradiction. 

(2) There are no edges between the vertexes ui, ...,Um except the edges of the cy¬ 
cle uiU 2 ...Um- The same holds for the cycle wiU 2 ...u„. To see this, suppose that 
two vertexes Vi and vj are connected by an edge where l<i<j — l<n — 1. 
If the cycle uiU2...UiUjUj+i...Um is an odd cycle, then this cycle, the cycle 
viV2...Vn and the path uiWi...WpVi satisfy the relevant conditions which vio¬ 
lates the fact that m n p is as small as possible. Therefore this cycle 
is an even cycle which implies that the cycle UiUi.^.l...Uj is an odd cycle, be¬ 
cause m is odd. We have either i > 2 or j < m, since otherwise, the cycle 
UiU 2 ...UiUjUj+i...Um = UiU 2 Um would be an odd cycle. If j < m then the cy¬ 
cles UiUi+i...Uj, viV2...v„ and the path UiUi-i...uiWi...WpVi provide an example 
with a smaller ”m -I- n -|-p”. Similarly, if i > 2 , then the cycles UiUi+i...Uj, 
viV2...Vn and the path UjUj+i...uiWi...WpVi give an example with a smaller 
”m-bn-hp”. 

(3) There are no edges of the form mvj where i = 1,..., m and j = 1,..., n. This 
holds because the distance between the cycles uiU2...Um and viV2...Vn is greater 
than 1. 

Now we want to use Proposition 12.21 to show that G is not weakly Farkas. 
On the contrary, assume that G is weakly Farkas. Furthermore we assume that 
p is even. The other case, i.e. if p is odd, can be handled similarly. Because 
of the above properties, we are able to find suitable values {ae}{eeG} such that 
they satisfy the following 


Oe = < 


1 

-I 

-I 

-I 

0 


e = uiwi 

e = UiUi+i or e = ViVi+i or e = WiWi+i where i is odd 
e = UmUi or e = VnVi 
e = UiX a X ^ Ui+i and i is even 
otherwise 
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Now consider the rational numbers {xe\{e^G} defined by 




= 


1 

1 

-1 

1/2 

- 1/2 

- 1/2 

0 


e = uiWi or e = WpVi 

e = WiWi+i where i is even 

e = WiWi+i where i is odd 

e = UiUi+i or e = ViVi+i where i is even 

e = UiUi+i or e = ViVi+i where i is odd 

e = UmUi or e = VnVi 

otherwise 


It is straightforward to check the following 


Xev{e) = 0 , 

eeB(G) 


Oe < Xe < Oe + 1, for every e G E(G). 

Since G is weakly Farkas, by Proposition 12.21 there exist integers 


fle < 2/e < Oe + 1 where 6 G E{G) 


such that Y^f.^E{G) 2 /e^(e) = 0. Note that it follows from the equality 

yev{e) = 0 

eeE{G) 


that Yjz:xz(^E(G)y^^ = 0 for every x G V{G). Since yuiwi G {1,2} and y^x G 
{ 0 , 1 } for every x ^ wi,U 2 ,Un, we conclude that yuiU 2 = “1 or 2 /uiu„ = — 1 - 
Without loss of generality, we may assume that yuiU 2 = Since 2/u2«3 G {0,1} 
and yu 2 x G {—1,0} for every x ^ M 3 , it is easy to see that we must have 
2 /U 2 M 3 = 1 Emd yu 2 x = 0 for every x 7 ^ M 3 , mi. Continuing this process, we obtain 
the following 


2/e = < 


1 

-1 

-1 

0 

0 


e = MiMi+i if i is even 
e = MiMi+i if i is odd 
e = 

e = UiX if 1 < / < m and x ^ {m^-i,M i+i} 

e = UniX if X ^ {Um-l,Ui} 


If there were a vertex x ^ {u 2 ,Um,wi} such that uix G E{G) and yuix 7 ^ 0, 
then we would have y^x = 1- Note that x ^ {mi, Mm, wi ,..., Wp, vi, m„} by 
Properties (1), (2) and (3). But then, we would also have y^m = 0if2<i<m 
and xui G E{G). Moreover y^z G {0,1} for every xz G E{G): It would then 
follow J2z-xzeE{G) > 0, a contradiction. So 2 /«ia, = 0 if a; ^ {M 2 ,Mm, wi} and 
uix G E{G). It follows from J2z-.uiz(^e{G) = 0 that ymwi = 2. Now we 
have ywiui = 0if2</<m and wiUi G E{G). Moreover, we have ywix G {0,1} 
if X 7 ^ W 2 ,ui and wix G E(G). It follows from '^z-wxz(^E{G)ywiz = 0 that 
ywiW 2 < ~2. This contradicts the fact that ywiW 2 € {—1,0}. The proof is now 
complete. 

□ 
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